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CP violation in the lepton mass matrix will be probed with good precision in upcoming experi-
ments. The amount of CP violation can be quantified in numerous ways and is typically parameter-
ized by the complex phase δPDG in the standard PDG definition of the lepton mixing matrix. There
are additional parameterizations of the lepton mixing matrix as well. Through various examples
we explore how, given the current data, different parameterizations can lead to different conclu-
sions when working with parameterization dependent variables, such as δ. We demonstrate how the
smallness of |Ue3| governs the scale of these results. We then demonstrate how δ can be misleading
and argue that the Jarlskog is the cleanest means of presenting the amount of CP violation in the
lepton sector.
I. INTRODUCTION
While the fact that CP violation (CPV) is needed to explain the matter-antimatter asymmetry in the universe [1] is
a frequently used motivation for searching for sources of CPV, identifying sources of CPV is interesting in its own right.
Not only does it play an important part of the ongoing goal of measuring the parameters of the Standard Model, but
also for understanding when CP is and is not violated. In the quark sector, the Cabibo-Kobayashi-Maskawa (CKM)
matrix [2, 3] provides a small amount of CPV [4]. For leptons a phase δ, analogous to the KM phase in the CKM
matrix, appears in the lepton mixing matrix U [5, 6] where U , like the CKM matrix for quarks, describes the mismatch
of lepton flavor eigenstates (|να〉 for α = e, µ, τ) and mass eigenstates (|νi〉 for i = 1, 2, 3) via |να〉 =
∑
i U
∗
αi |νi〉. The
complex phase in the mass matrix is related to how neutrinos and anti-neutrinos behave differently. This parameter,
δ, however, is convention dependent and thus not a fundamental quantity. The most useful fundamental quantity to
describe the amount of CPV in a mass matrix is the Jarlskog [7],
J ≡ Im[Ue1U∗e2U∗µ1Uµ2] . (1)
The choice of the 2× 2 submatrix in eq. 1 is arbitrary; we chose the (3,τ) submatrix resulting from deleting the third
column and the τ row in eq. 1 for concreteness. Any row and any column can be removed.
There are many different ways of parameterizing the lepton mixing matrix, all of which must have at least one
complex phase. Depending on the details of the parameterization, the constraint on the complex phase can be
quite different. This means that interpreting results and goals of experiments in terms of the complex phase of one
parameterization is not a fundamental description of our understanding of CPV.
In this paper we will demonstrate exactly how the complex phase of the lepton mixing matrix is not the optimal
parameter for understanding CPV and when it can be misleading. We will show how different, perfectly valid,
representations of the mixing matrix with one complex phase can lead to rather different conclusions when the
complex phase is used as the primary indicator of CPV. In section II we will define the parameterizations we are
going to consider in this paper. Next we will show how these different parameterizations affect their respective δ′ and
the key role that Ue3 plays in section III. Finally we will discuss our results in the context of T2K’s measurements in
section IV and conclude in section V.
II. MIXING MATRIX PARAMETERIZATIONS
We anticipate that the lepton mixing matrix, U , should be unitary up to any corrections from sterile neutrinos,
which we ignore. Thus, the matrix can be parameterized as three rotation matrices, containing a total of three Euler
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2mixing angles (θ12, θ13, θ23) and six complex phases. However, all rows and columns can be individually rephased
if neutrinos are Dirac, or if we restrict ourselves to relativistic neutrinos, as is the case for neutrino oscillations.
Rephasing is the fact that any column or row can be multiplied by an arbitrary phase. While this appears to remove
all six phases present in an arbitrary 3 × 3 unitary matrix, one of these six rephasings is dependent on the other
five, which leaves one complex phase remaining and is usually labeled as δ. Rephasing invariance also allows us to
constrain each mixing angle to a quadrant of our choice, since changing the quadrant of a mixing angle is equivalent
to specific combinations of rephasing and shifting δ by a constant. We choose to constrain all of the mixing angles to
the first quadrant (θ12, θ13, θ23 ∈ [0, 90◦)). The three rotation matrices can be in any order, and the complex phase δ
can be put into any of the rotation matrices.
When we make various parameterizations of U , the magnitudes of the matrix elements remain the same, as does
the Jarlskog, but the four parameters change. Changing the order of the rotation matrices changes the values of the
mixing angles and δ (see table I), but changing which rotation δ is on does not (other than trivial redefinitions such
as δ → −δ), so we will only consider having δ in the rotation matrix containing θ13. Thus, the rotation matrices are
defined as follows:
U1 ≡
1 0 00 c23 s23
0 −s23 c23
 , U2 ≡
 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13
 , and U3 ≡
 c12 s12 0−s12 c12 0
0 0 1
 , (2)
where cij ≡ cos(θij) and sij ≡ sin(θij). In this paper, we are only considering parameterizations of the form
Uijk ≡ UiUjUk for i, j, k = 1, 2, 3 in which i, j, and k are all different. Other parameterizations exist including those
using the same rotation axis twice (Uiji) [8], three of the Gell-Mann matrices parameterizing the generators of SU(3)
[9–12], or four complex phases [13]. In this article we focus on parameterizations containing three rotations and one
complex phase although we anticipate that our conclusions qualitatively apply to other scenarios as well.
The parameterization of U used by the Particle Data Group (PDG) [4] is
UPDG ≡ U123 =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23
 . (3)
We note some important features of this parameterization. The most important of which is the difference between
“simple” elements and “complicated” elements. We define a simple element to be one that is only a product of trig
functions and e±iδ terms while complicated functions can also be the sum or difference of such terms. Thus in U123
we see that the first row and third column are composed entirely of simple elements. In general, using the definitions
in eq. 2, Uijk has simple elements along the i
th row and the kth column.
In the PDG convention, the complex phase δ is set such that arg(Ue3) = −δ. Within the PDG convention, this
phase can be shifted with no effect on any of the oscillation physics. For example, one could multiply the third column
by eiδ and then the second and third rows by e−iδ so that the first row and third column were all real.
In the PDG parameterization, experiments have measured all of the mixing angles (though the measurements
of θ23 are the least precise), but δ remains largely unconstrained. Plans have been made to measure δ with good
precision in future experiments [14, 15], and this paper aims at discussing the meaning of the precision claimed by
these measurements. In the rest of this paper, the complex phase in UPDG will be called δPDG while the complex
phase in other parameterizations will be called δ′. Recently T2K has placed some constraints on δPDG [16, 17]1; for
now we will consider δPDG to be completely unconstrained, and then in section IV discuss the interplay between the
T2K measurements and different parameterizations of the mixing matrix.
III. δ COMPARISON
In order to compare the values of δ between the various parameterizations of U , we use the best fit values for the
mixing angles from [19] (θ12 = 33.8
◦, θ13 = 8.61◦, and θ23 = 49.7◦) in UPDG, which gives us the following for the
magnitudes of the elements in the neutrino mixing matrix:
|U | =
 0.822 0.550 0.150√0.138 + 0.068 cos(δPDG) √0.293− 0.068 cos(δPDG) 0.754√
0.186− 0.068 cos(δPDG)
√
0.405 + 0.068 cos(δPDG) 0.640
 . (4)
1 While NOvA also has sensitivity to δPDG, its data is currently not constraining [18].
3TABLE I. Formulas for the four parameters in a given parameterization of U in terms of the absolute value of elements of U
and the Jarlskog. Since each mixing angle is in the interval [0, 90◦), cos
(
θ′ij
)
=
√
1− sin2(θ′ij). The formulas for the mixing
angles are derived from the magnitudes of the “simple” elements (see definition in the text) of U . The formulas for cos(δ′) are
derived from the magnitude of a “complicated” element of U . The formulas for sin(δ′) were derived from the Jarlskog.
Parameterization sin(θ′12) sin(θ
′
13) sin(θ
′
23) cos(δ
′) sin(δ′)
U123 ≡ UPDG |Ue2|√
1−|Ue3|2
|Ue3| |Uµ3|√
1−|Ue3|2
|Uµ1|2(1−|Ue3|2)2−|Ue2|2|Uτ3|2−|Ue1|2|Ue3|2|Uµ3|2
2|Ue1||Ue2||Ue3||Uµ3||Uτ3|
J(1−|Ue3|2)
|Ue1||Ue2||Ue3||Uµ3||Uτ3|
U132 |Ue2| |Ue3|√
1−|Ue2|2
|Uτ2|√
1−|Ue2|2
|Uµ1|2(1−|Ue2|2)2−|Ue3|2|Uτ2|2−|Ue1|2|Ue2|2|Uµ2|2
2|Ue1||Ue2||Ue3||Uµ2||Uτ2|
J(1−|Ue2|2)
|Ue1||Ue2||Ue3||Uµ2||Uτ2|
U213
|Uµ1|√
1−|Uµ3|2
|Ue3|√
1−|Uµ3|2 |Uµ3|
|Ue1|2
(
1−|Uµ3|2)2−|Uµ2|2|Uτ3|2−|Ue3|2|Uµ1|2|Uµ3|2
2|Ue3||Uµ1||Uµ2||Uµ3||Uτ3|
J
(
1−|Uµ3|2)
|Ue3||Uµ1||Uµ2||Uµ3||Uτ3|
U231 |Uµ1| |Uτ1|√
1−|Uµ1|2
|Uµ3|√
1−|Uµ1|2
|Ue3|2
(
1−|Uµ1|2)2−|Uµ2|2|Uτ1|2−|Ue1|2|Uµ1|2|Uµ3|2
2|Ue1||Uµ1||Uµ2||Uµ3||Uτ1|
J
(
1−|Uµ1|2)
|Ue1||Uµ1||Uµ2||Uµ3||Uτ1|
U312
|Ue2|√
1−|Uτ2|2
|Uτ1|√
1−|Uτ2|2
|Uτ2| |Uµ1|
2(1−|Uτ2|2)2−|Ue2|2|Uτ3|2−|Uµ2|2|Uτ1|2|Uτ2|2
2|Ue2||Uµ2||Uτ1||Uτ2||Uτ3|
J(1−|Uτ2|2)
|Ue2||Uµ2||Uτ1||Uτ2||Uτ3|
U321
|Uµ1|√
1−|Uτ1|2
|Uτ1| |Uτ2|√
1−|Uτ1|2
|Ue3|2(1−|Uτ1|2)2−|Uµ1|2|Uτ2|2−|Ue1|2|Uτ1|2|Uτ3|2
2|Ue1||Uµ1||Uτ1||Uτ2||Uτ3|
J(1−|Uτ1|2)
|Ue1||Uµ1||Uτ1||Uτ2||Uτ3|
The Jarlskog for this parameterization is J = 0.0334 sin(δPDG). In table I we show how to calculate the four parameters
(θ′12, θ
′
13, θ
′
23, and δ
′) in six different parameterizations of U in terms of the magnitudes of the elements of the matrix
and the Jarlksog. Using these expressions, we have plotted the relationship between δ′ vs δPDG (as well as sin(δ) and
cos(δ)) in fig. 1. Fig. 1 also shows that the effect of varying the other oscillation parameters within their 3 σ allowed
values has a marginal impact on the values of δ′ in other parameterizations. Varying the mixing angles significantly
outside of these ranges, however, can have a dramatic effect on this figure.
We note that there are loops in the sin(δ) plot while there aren’t in the cos(δ) plot. That is, cos(δPDG) uniquely
determines cos(δ′), but sin(δPDG) does not uniquely determine sin(δ′). This is because cos(δ′) comes from the norm
of the elements of the matrix and thus only depends on cos(δPDG) while sin(δ
′) comes from the Jarlskog so it depends
on sin(δPDG) and cos(δPDG) through the mixing angles.
An interesting feature of this plot is that for some of the alternative parameterizations of U , namely U231, U312, and
U321, δ
′ is restricted to a small domain just by our constraint of the three PDG mixing angles. The parameterizations
for which δ′ is bounded and whether it is bounded about δ′ = 0 or δ′ = 180◦ are dependent on the mixing angles. Based
on current measurements, the restriction is driven by the size of θ13 in the PDG parameterization or, alternatively,
the relative smallness of |Ue3|. One can see this by looking at |Ue3| in each parameterization, which is s13 in UPDG
(see table II). In each of the parameterizations for which δ′ is unbounded in fig. 1, |Ue3| is simple, whereas in each
of the parameterizations for which δ′ is bounded, |Ue3| is complicated. Thus, in order to get the comparatively small
value of |Ue3| in those parameterizations for which |Ue3| =
√
A+B cos(δ′) with A and B comparatively large, we
must have cos(δ′) ∼ −1. For the complicated parameterizations we can approximate the effect of small |Ue3| on the
allowed range of δ′ in terms of PDG parameters by leveraging the smallness of s13 to find
max
δPDG
[cos(δ′)] ≈ 1
2
d2ijk − 1 , (5)
with
d231 ≈ s13 1− s
2
12c
2
23
s12c12s23c23
, d312 ≈ s13 1− c
2
12s
2
23
s12c12s23c23
, d321 ≈ s13 1− s
2
12s
2
23
s12c12s23c23
, (6)
for the three parameterizations with complicated |Ue3|. We then see that sin(δ′) is approximately contained within
±dijk. In fact,
sin(δ′) ≈ dijk sin(δPDG) , (7)
provides a simple approximation for the expressions shown in fig. 1. From eq. 6 we can easily see how the the three
different parameterizations behave. For example, we see that U213 and U321 should be quite similar since they differ
only by c223 ↔ s223 which are quite similar. Thus swapping U231 and U321 is the same (up to higher order corrections)
as changing the octant. Meanwhile we see that the slope of sin(δ′) as a function of sin(δPDG) is the smallest for U312
(and thus δ′ is the most constrained) since it has a factor c212 instead of the factor of s
2
12. This is all consistent with
the top right panel in fig. 1.
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FIG. 1. Comparison of the CP-violating phase of UPDG (δPDG) and that of other parameterizations of the neutrino mixing
matrix (δ′). The shaded regions on the left plot show the range of variations of the curves over the 3 σ range of mixing angles
from [19].
TABLE II. Ue3 in various parameterizations of U . The primed variables (θ
′
ij , sij′ ≡ sin
(
θ′ij
)
, cij′ ≡ cos
(
θ′ij
)
, δ′) denote the
parameters in the alternative parameterization and the unprimed variables (θij , δPDG, cδ ≡ cos(δPDG)) denote the parameters
in UPDG. We also show an approximation for |Ue3| in terms of the PDG parameterization variables at cos(δPDG) ≈ 0.
Param. Ue3(θ
′
12, θ
′
13, θ
′
23, δ
′) |Ue3(δ′, δPDG, θ12 = 33.8◦, θ13 = 8.61◦, θ23 = 49.7◦)| ≈ |Ue3(δ′, cδ ≈ 0, θ12, θ13, θ23)|
U132 c12′s13′ 0.150 s13
U213 s13′c23′ 0.150 s13
U231 s13′c23′e
−iδ′ + s12′c13′s23′
√
0.108−0.007cδ+0.005c2δ+0.085 cos(δ′)
√
1.62−0.17cδ−0.34c2δ+0.07c3δ
0.861−0.068cδ
2s12c12s23c23
1−s212c223
|cos(δ′/2)|
U312 c12′s13′e
−iδ′ + s12′c13′s23′
√
0.105−0.024cδ+0.005c2δ+0.048 cos(δ′)
√
4.74−2.04cδ−0.08c2δ+0.07c3δ
0.595−0.068cδ
2s12c12s23c23
1−c212s223
|cos(δ′/2)|
U321 s12′s23′ + c12′s13′c23′e
−iδ′
√
0.108+0.018cδ+0.005c
2
δ
+0.108 cos(δ′)
√
1+0.29cδ−0.16c2δ−0.03c3δ
0.814+0.068cδ
2s12c12s23c23
1−s212s223
|cos(δ′/2)|
To further understand the impact of |Ue3| on the tightly constrained nature of cos(δ′) in other parameterizations, we
plotted the allowed range (assuming δPDG is unconstrained) of δ
′ for various different parameterizations as a function
of θ13 in the PDG definition in fig. 2, with all the other mixing angles fixed. In the U132 parameterization, δ
′ is always
unconstrained for any value of θ13 up to 45
◦. For U213, δ′ is unconstrained until θ13 > 35◦ past which point cos(δ′)
is constrained to be near 1. In the three remaining parameterizations, we see that cos(δ′) is constrained to be near
−1 and that the allowed region increases as θ13 increases roughly linearly with θ13 for smaller values of θ13, which is
consistent with dijk ∝ s13 (see eq. 6).
Next generation long-baseline accelerator experiments are aiming to not only detect CPV, but measure it with
good precision. As motivated by the 2013 Snowmass report, we take as a benchmark number ∆δPDG = 15
◦ [20]
and plot the corresponding ∆δ′ (with fixed mixing angles) in the other parameterizations for various values of δPDG
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FIG. 2. The allowed range of δ′ in different parameterizations as a function of θ13 in the PDG parameterization. We have fixed
the other mixing angles to their best fit values while δPDG is unconstrained.
(see fig. 3). We find that in different parameterizations of the lepton mixing matrix, a precision on δPDG of 15
◦
will lead to extremely different precision in different parameterizations, in particular in the three parameterizations
with complicated expressions for Ue3. In fig. 3 we see that while U132 and U213 aren’t too different from the PDG
parameterization as seen before, in the other three parameterizations, a measurement of δPDG to within 15
◦ precision
could result in ∼ 1◦ precision on δ′ depending on the parameterization and the value.
IV. DISCUSSION
As we have seen in fig. 1, in some parameterizations, in particular U213, U312, and U321, cos(δ
′) is restricted to be
<∼ −0.8 and correspondingly | sin(δ′)| <∼ 0.6. That is, if the lepton mixing matrix was parameterized differently, we
would already know that 150◦ <∼ δ′ <∼ 210◦ (and, given T2K’s preference for 170◦ <∼ δPDG <∼ 360◦, this implies that
170◦ <∼ δ′ <∼ 210◦). This highlights the fact that δPDG = ±90◦ by itself is not maximal in any fundamental way; it
does lead to the largest amount of CPV allowed given the other measured oscillation parameters.
In much of the previous discussion and figures, we have assumed that we have measured the three oscillation
parameters perfectly and have no information on δPDG. In reality, of course, each of the four parameters are somewhat
constrained, although δPDG is largely unconstrained at the moment except via T2K appearance data. We have verified,
however, that even over the allowed 3 σ range of 40◦ <∼ θ23 <∼ 50◦ (and even quite a bit beyond this), cos(δ′) is restricted
in 3 of the parameterizations to a region near −1, and there is a corresponding constraint on sin(δ′), as shown by the
shaded regions in fig. 1.
The strongest constraint on CPV currently comes from T2K [17]. T2K has measured a high amount of neutrino
appearance and a low amount of anti-neutrino appearance, implying that J < 0 at close to 3 σ. In addition, they
seem to see slightly more neutrino events and fewer anti-neutrino events than allowed by δPDG = 270
◦ given other
constraints, although this tension is at low significance. Nonetheless, T2K has interpreted this as a constraint on θ13
which (very weakly) suggests a larger value than that from precise medium baseline reactor experiments [21–23]. In
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FIG. 3. Uncertainty of the CP-violating phase of alternate parameterizations of the neutrino mixing matrix (δ′) as a function
of δPDG, given an uncertainty on δPDG of 15
◦.
this analysis, however, they assume priors on solar parameters. If, instead, a prior on θ13 from reactors was used
since it is extremely well measured, one would find that this slight tension could be more somewhat more easily
accommodated in terms of a constraint on solar parameters.
We now take this slight tension seriously and consider the implications if it persists with additional data. If it
is confirmed at high precision, then we would look to the constraint on the other oscillation parameters, since the
measurement depends on c213s13c12s12c23s23
∆m221
∆m231
up to matter effects. Based on the best fit value for θ13 from T2K,
this results in a 14% excess in this quantity. The 1 σ allowed regions for c213s13, c12s12, ∆m
2
31, and ∆m
2
21 are 1.4%,
1.1%, 1.3%, and 2.8%. This suggests that the best place to understand any tension in the T2K data with the rest of
the oscillation data is in terms of the solar mass splitting2. We note that the matter effect only slightly modifies the
situation at T2K, as the corrections to the Jarlskog can be determined in a straightforward fashion [24], as can the
corrections to the ∆m2ij ’s [25, 26].
In addition, T2K’s constraint on δPDG is that it is constrained to within [165
◦, 358◦] at 3 σ, which is about half the
allowed space using a uniform prior on δPDG
3. However, we find that if the lepton mixing matrix was parameterized
as U312 the allowed range on the complex phase is only [173
◦, 208◦] including the 3 σ uncertainty on the oscillation
parameters. This is only 7.5% of the total δ′ space, compared with 53.6% of the total δPDG space. Similarly small
regions exist for the U231 and U321 parameterizations. Note that this means that in the U312 parameterization, the
uncertainty is already down to ∆δ′ = 18◦ at 3 σ CL accounting for the uncertainty in the oscillation parameters.
Thus, we propose that a more useful metric is amount of allowed Jarlskog space. Extracting the Jarlskog only
requires (up to matter effects) knowing the ratio of ∆m2’s (and really just ∆m221 as T2K measures ∆m
2
31) as opposed
to sin(δPDG), which also requires knowing θ13, θ12, and θ23. The Jarlskog is always within the range J ∈ [− 16√3 , 16√3 ]
which numerically is [−0.096, 0.096]. These maximum (minimum) values of J occur when θ12 = θ23 = 45◦, θ13 =
atan
(
1/
√
2
)
= 35.3◦, and sin(δPDG) = +1 (sin(δPDG) = −1). From nu-fit v4.0 it is found that the allowed range
is reduced to [−0.033, 0.033] without including any sin(δPDG) information. This represents 35% of the total allowed
space, and it mostly comes from the fact that θ13 = 8.6
◦ is small compared to the value for maximal CPV, 35.3◦.
A subleading contribution comes from the fact that θ12 = 34
◦ compared to 45◦ which results in a reduction in the
allowed space to 93%. Thus given T2K’s measurement, the allowed space of the Jarlskog is about 22%, which is a
parameterization independent statement.
2 While it is interesting to note that there is a slight tension in the solar mass splitting data, it goes in the wrong direction to explain the
T2K tension.
3 The Haar measure applied to lepton mass mixing indicates that the correct prior on the complex phase is uniform in δ under the
assumption of anarchy, instead of sin(δ) or other possible choices [27].
7Finally, we note that certain parameterizations are very similar. In particular, we see in fig. 1 that U123 (the PDG
parameterization) is quite similar to U132. In addition, U231 is quite similar to U321. Thus we can conclude that
U2 and U3 roughly commute within the context of the discussion of CPV. That is, the effect of δ
′ in the different
parameterizations doesn’t change much when commuting U2 and U3.
V. CONCLUSION
Three of the four degrees of freedom in the lepton mixing matrix have been measured reasonably well. In the
standard PDG parameterization, these parameters are labeled θ12, θ13, and θ23. The final parameter, δPDG, is related
to the amount of CP violation (CPV) in the lepton sector. While it is certainly the case that sin(δPDG) = 0 imples
no CPV and sin(δPDG) 6= 0 is proof of CPV (given that all three mixing angles are non-zero), δPDG and CPV are
not exactly equivalent concepts. One clear way to see this is that in different parameterizations with one complex
phase, the allowed range of the new phase δ′ may be already severely constrained as shown in fig. 1 without even
considering any constraint on δPDG coming from T2K or other experiments. This also highlights the fact that the
precision with which δPDG is measured is not truly fundamental (see fig. 3) and the precision on the Jarlskog should
be considered instead. The cause of the surprisingly strong constraint on δ′ in certain other parameterizations without
any information on δPDG is the smallness of |Ue3|, which requires a fairly strong cancellation, which only happens for
cos(δ′) near −1. As neutrino oscillation measurements improve and the value of the lepton mixing matrix falls into
sharp relief, we hope that when quantifying the amount of CPV present, the Jarlskog is used, which depends on all
four parameters in any parameterization, instead of just δPDG.
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